Introduction {#Sec1}
============

The interactions between light and atoms and their diversified manifestations^[@CR1]--[@CR7]^ have been an important area of research in fundamental physics, and practical applications for many years. Among these researches, the phenomena of microwave-induced zero resistance (MIZR), and microwave-induced resistance oscillation (MIRO) in systems of two-dimensional electron gas (2DEG) have been studied by many researchers since their discoveries around 2002^[@CR1],[@CR4]^. With the irradiation of microwave on these 2DEG samples, the (magneto-)resistance of the systems of semiconductor in two dimensions has oscillations^[@CR1]--[@CR4],[@CR8]--[@CR21]^. And there have been many theories introduced to explain those phenomena^[@CR8],[@CR22]--[@CR58]^. In the above theoretical works, the displacement model and other related models^[@CR8],[@CR22]--[@CR57]^ with impurities required to participate in electron transportation are quite appropriate in systems with multiple impurities. On the other hand, as the concentration of impurities decreasing, the model of dressed photon with nonlinear dispersion^[@CR58]^ seems to be a suitable theory. It is exhibited in ref.^[@CR58]^ that MIZR & MIRO can arise due to interactions of quantum electrodynamics (QED) between photons and simple harmonic atoms in an array^[@CR59]--[@CR63]^ even in systems with no impurities. From the perspective of concentration of impurities, these two kinds of theories may be complimentary to each other in studying the propagation of electrons in systems exposed to photonic source.

In this paper, we would report that resistance oscillation and zero resistance also appear in two parallel arrays of two-level atoms (2LA) (Fig. [1](#Fig1){ref-type="fig"}). We consider a model of two parallel arrays (*x*-direction) of 2LA each with *N* sites with no impurities. They can only interact with each other via emitting/absorbing photons through the QED coupling. Only one array (the source array) is connected to a source (sink) of electrons of the excited state; and we measure the resistivity of the other one (the measured array). The resistance of the measured array shows oscillations & zero-resistance with respect to the frequency of the external source and the separation between arrays. People might be reminiscent of the classical phenomenon of mutual induction between two loops with the potential (emf) along one loop influenced by the other loop by variation of magnetic flux. The way to achieve it can be the relative motion between the two loops, or the changing source of electric current for the magnetic field. Analogously, in our model, the resistance and therefore the electric potential difference across one array can be influenced by the other array by variation of the EM irradiation of photon through relative displacement between the two arrays and change of the source of electron. The experimental realizations of our model will be discussed later in the Discussion section.Figure 1Model. An array of *N* two-level atoms with spacing *a* (*x*-direction) interacts with another parallel array of *N* two-level atoms connected with a particle source/sink through emitting and absorbing photons. Inter-array hopping of electrons is prohibited.

Please be noted that a major difference between this model and that in ref.^[@CR58]^ is that we also study the manifestations of the MIZR & MIRO effects with respect to the separation between parallel arrays. And we will show an interesting big decrease of (averaged) resistance between two parallel arrays with the increase of separation between them. In addition, the model of two-level systems discussed in this work is more related to potential applications to quantum memory and relevant systems. Furthermore, we will present a quantum analog of the potential of one EM set-up influenced by another one through photonic field interacting between them like the mutual-induction in the classical domain. From the point of view of accommodations of electrons, there is an essential difference between the atom of the two-level system and that of the simple-harmonic-oscillator (SHO) studied in ref.^[@CR58]^. For a two-level atom, only one electron can be accommodated in an atom; while many electrons can be accommodated in an atom with eigenenergies of equal-energy-spacing like the SHO & the 2DEG in a magnetic field with Landau energy levels. Therefore, a two-dimensional array of SHO are more related to the 2DEG in a magnetic field.

Results {#Sec2}
=======

In this paper, we study our system at temperature *T* = 0. The EM wave is assumed to be uniform along *y*, *z*-directions, and to move in $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{A}(x)=(0,{A}_{y}(x),{A}_{z}(x))$$\end{document}$. The photonic annihilation operator *A*, and the photonic creation operator *A*^†^ are defined as,$$\documentclass[12pt]{minimal}
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Then the Hamiltonian for the free photon is$$\documentclass[12pt]{minimal}
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For an array of *N* 2LA, the Hamiltonian is$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$\begin{array}{rcl}{ {\mathcal H} }_{2LA}^{(4)}(\{c\}) & = & \frac{U}{2}\,\sum _{j}\,{c}_{2,j}^{\dagger }{c}_{1,j}^{\dagger }{c}_{2,j}{c}_{1,j}\\  & = & {{\mathscr{N}}}^{-1}\,\sum _{P,\,p,\,q}\,\frac{U}{2}\cdot {c}_{2,P/2+q}^{\dagger }\,{c}_{1,P/2-q}^{\dagger }\,{c}_{2,P/2+p}\,{c}_{1,P/2-p},\end{array}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\rm{where}}\,{\nu }_{\alpha }(p)={\varepsilon }_{\alpha }+\epsilon (p)\,(\alpha =1,2),\,{\rm{and}}\,\epsilon (p)=\lambda (1-\,\cos \,pa),$$\end{document}$$with *a* the lattice spacing, $\documentclass[12pt]{minimal}
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                \begin{document}$$\epsilon (p)$$\end{document}$ the famous Bloch spectrum, and natural units is used $\documentclass[12pt]{minimal}
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                \begin{document}$$(c\equiv \hslash \equiv 1)$$\end{document}$^[@CR64]^. On the RHS of Eq. ([3](#Equ3){ref-type=""}), the second term describes hoppings of electron from one site to its adjacent sites. Here the field operator of electron at site *j* on the upper (lower) energy level, the excited state (the ground state), is denoted as $\documentclass[12pt]{minimal}
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                \begin{document}$${\varepsilon }_{1}$$\end{document}$) the corresponding energy. And both the upper & lower fields can hop to their nearest-neighbor sites with $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{\lambda }{2}$$\end{document}$ as the hopping coefficient. At low temperatures, there are two channels of conduction through transportations of particles of the upper field, and holes corresponding to vacancies of particles of the lower field. In Eq. ([3](#Equ3){ref-type=""}), *δ* is small and positive. The Hamiltonian $\documentclass[12pt]{minimal}
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                \begin{document}$${ {\mathcal H} }_{2LA}^{(4)}$$\end{document}$ describes the on-site hard-core interaction between the upper & lower fields when *U* is set to $\documentclass[12pt]{minimal}
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                \begin{document}$$\infty $$\end{document}$ to avoid the possibility of both the upper field particle and the lower field particle at the same site.

The interaction between the arrayed 2LA and photons is$$\documentclass[12pt]{minimal}
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                \begin{document}$${ {\mathcal H} }_{{int}}(\{c\},A)=\sum _{j}\,g\,[A({x}_{j}){c}_{2,j}^{\dagger }{c}_{1,j}+h.\,c.\,].$$\end{document}$$
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                \begin{document}$${ {\mathcal H} }_{int}(\{c\},A)$$\end{document}$ is the light-matter interaction adopted in QED in which a lower field can absorb a photon to become the upper field, and vice versa; the coupling constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g\sim \sqrt{{e}^{2}/\hslash c}\sim 1/\sqrt{137}$$\end{document}$ is the coupling between *bare* electrons and *bare* photons as is widely adopted in field theory literatures, *e*.*g*., ref.^[@CR64]^. Please note that the collective behavior of this coupling constant between electrons and photons in different geometry or confinements results in different effective^[@CR65]^ *coupling strength* in quantum optics.

*t*-matrix {#Sec3}
----------

To handle the hard-core interaction $\documentclass[12pt]{minimal}
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                \begin{document}$${ {\mathcal H} }_{2LA}^{(4)}$$\end{document}$ (Eq. ([5](#Equ5){ref-type=""})), we can apply the method of binary collision which was developed in 1959^[@CR66]--[@CR68]^. We add up all the repeated scatterings between the upper and the lower field (*ladder* diagrams (Fig. [2](#Fig2){ref-type="fig"})) to get a finite effective coupling $\documentclass[12pt]{minimal}
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                \begin{document}$$t(\lambda )$$\end{document}$ between them at low energy.Figure 2Ladder diagram. Diagrammatic expansion of $\documentclass[12pt]{minimal}
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                \begin{document}$$\langle q|\Gamma ({P}_{0},P)|p\rangle $$\end{document}$ which is the sum of the repeated and continuous scatterings between the upper and the lower fields (ladder diagrams). The external legs are only for the eyes, the black dot "●" is *U* in Eq. ([5](#Equ5){ref-type=""}), and the internal double-line (single line) represents the propagator of the upper (lower) field.
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                \begin{document}$$\langle q|\Gamma ({P}_{0},P)|p\rangle $$\end{document}$ to be the sum of the ladder diagrams (in Fig. [2](#Fig2){ref-type="fig"}) which is the amplitude of repeated scatterings between upper field (1) and lower field (2) with incoming momenta *p*~1~ & *p*~2~, respectively $\documentclass[12pt]{minimal}
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Following ref.^[@CR69]^, we can obtain that$$\documentclass[12pt]{minimal}
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                \begin{document}$$U\to \infty $$\end{document}$, we obtain the following equation,$$\documentclass[12pt]{minimal}
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                \begin{document}$$\langle q|\Gamma (P,{P}_{0})|p\rangle =\frac{2}{{{\bf{G}}}_{00}(P,{P}_{0})};$$\end{document}$$that is, the hard-core interaction between the upper field particle and the lower field particle is equivalent to a soft-core one, and is independent of both the incoming & outgoing relative momenta (*p* & *q*). Thus, by the binary collision method^[@CR66],[@CR68],[@CR69]^ (Eq. ([8](#Equ8){ref-type=""})), and Eqs ([4](#Equ4){ref-type=""}) and ([5](#Equ5){ref-type=""}), the following Hamiltonian can be obtained, and it is the low-energy soft-core effective Hamiltonian for the hard-core interaction,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$${ {\mathcal H} }_{2LA}^{(4)}(\{c\})$$\end{document}$ (Eq. ([5](#Equ5){ref-type=""})). Please be noticed that the hard-core scatterings between upper & lower fields at low energy is summarized in *v*~*P*~ (Fig. [2](#Fig2){ref-type="fig"}).

Electron propagator {#Sec4}
-------------------

The renormalized propagators of the lower & upper fields $\documentclass[12pt]{minimal}
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                \begin{document}$${\Sigma }_{\alpha }^{(1)}\,(k,\omega )$$\end{document}$ isFigure 3Diagrammatic expansions. Diagrammatic expansions of the renormalized propagators of the upper field $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{\Delta }}_{1}^{(1)}(k,\omega )$$\end{document}$ (thick single-line) represented by the sum of free propagators of the upper field $\documentclass[12pt]{minimal}
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That is, the renormalized energy levels of both the upper & lower fields are shifted by $\documentclass[12pt]{minimal}
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                \begin{document}$${\Sigma }_{1}^{(1)}\,(0,0)$$\end{document}$ due to hard-core interaction. And these two effective masses can be well incorporated into our theory by redefining the energy levels to be $\documentclass[12pt]{minimal}
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                \begin{document}$$\nu \equiv {\varepsilon }_{2}-{\varepsilon }_{1}={\varepsilon ^{\prime} }_{2}-{\varepsilon ^{\prime} }_{1}$$\end{document}$$is unchanged. In the mean time, the renormalized propagators of the upper & lower fields become$$\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{\Delta }}_{\alpha }^{(1)\pm }(k,\omega )=\frac{i}{\omega -{\nu ^{\prime} }_{\alpha }(k)\pm i\delta },\,{\rm{with}}\,{\nu ^{\prime} }_{\alpha }(p)={\varepsilon ^{\prime} }_{\alpha }+\varepsilon (p),\,\alpha =1,2.$$\end{document}$$

It should be remarked that the *renormalized* propagators of the *α* field (*α* = 2 for the upper field, & 1 for the lower) $\documentclass[12pt]{minimal}
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                \begin{document}$${\tilde{\Delta }}_{\alpha }^{(1)\pm }(k,\omega )$$\end{document}$ is the Fourier transform of the time-evolution amplitude $\documentclass[12pt]{minimal}
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                \begin{document}$$|{\tilde{\Psi }}_{\alpha }\rangle $$\end{document}$ which carries the information of the hard-core interaction (or equivalently, the effective soft-core interaction) between the *bare* upper & lower fields, and $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr{U}}(t)$$\end{document}$ is the time-evolution operator. Here, the renormalized eigenkets $\documentclass[12pt]{minimal}
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                \begin{document}$$|{\tilde{\Psi }}_{1}\rangle $$\end{document}$ & $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\tilde{\Psi }}_{2}\rangle $$\end{document}$ are orthogonal to each other, and they form a basis of eigenkets that diagonalizes the Hamiltonian $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${ {\mathcal H} }_{2LA}^{(2)}(\{c\})+{H}_{eff}^{(4)}({c}^{\dagger },c)$$\end{document}$.

Photon propagator {#Sec5}
-----------------
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The amplitude that a photon with momentum *k*~*x*~ emitted from the source array (*s*) and propagating to the measured array (*m*) (a distance *y* afar) with momentum $\documentclass[12pt]{minimal}
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Without causing confusion, we shall depict in Fig. [5](#Fig5){ref-type="fig"} the renormalized propagators of upper & lower fields of electron, and renormalized propagator of photon by thin double-line, single-line, and wavy-line, respectively, for brevity; and the term renormalized propagator will be simplified as propagator in the following paragraphs.Figure 5Diagram for the calculation of the conductivity. Diagram for the calculation of the conductivity (to the leading order) of an array of 2LA with the radiation emitted and absorbed by another parallel array which has an external source of electron with frequency $\documentclass[12pt]{minimal}
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DC conductivity {#Sec6}
---------------

At zero temperature, the (renormalized) ground states $\documentclass[12pt]{minimal}
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Before reaching the end, it is hard for electrons in the (renormalized) excited states in the measured array to drop to the (renormalized) ground states for being almost occupied. Therefore, it would be a good approximation to assume that electrons in the (renormalized) ground state $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\tilde{\Psi }}_{1}\rangle $$\end{document}$ of the measured array will not be excited to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|{\tilde{\Psi }}_{2}\rangle $$\end{document}$ twice by absorbing and emitting and then absorbing again emitted photons from the source array during the process of transportation from one end to the other. It follows that we can calculate the Feynman diagram of interactions between the source array and the measured array (Fig. [5](#Fig5){ref-type="fig"}) to get the retarded current-current correlation $\documentclass[12pt]{minimal}
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It is demonstrated in Fig. [6](#Fig6){ref-type="fig"} that DC resistivity can reach zero; and in some regions, it can even be negative. The property of zero resistance has been found in many experiments in 2DEG systems irradiated by microwave on relatively pure samples^[@CR1],[@CR4],[@CR8]--[@CR21]^. And negative resistance arises in the experimental work of ref.^[@CR11]^. We shall investigate the diverse behaviors of resistivity in our system shown in Figs [6](#Fig6){ref-type="fig"} and [7](#Fig7){ref-type="fig"} in more details in the Discussion section.

Discussion {#Sec7}
==========
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In the following subsections, we shall study the behaviors of the resistivity of the measured array vs. the external frequency $\documentclass[12pt]{minimal}
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Behaviors of resistivity vs. the external frequency *ω*~*e*~ {#Sec8}
------------------------------------------------------------

The behaviors of the resistivity of the measured array with respect to the incoming frequency $\documentclass[12pt]{minimal}
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Behaviors of resistivity vs. the separation between two arrays from 0 to *Y* {#Sec9}
----------------------------------------------------------------------------
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                \begin{document}$${k}_{y0}$$\end{document}$) get out of phase with each other, and the resistivity increases.

In summary, we explored interactions between two (parallel) arrays of 2LA through emitting and absorbing photons via QED interaction. We calculate the *t*-matrix of the two fields, upper & lower fields, for electrons. The *t*-matrix summarizes the ladder diagrams of binary collisions between upper & lower fields interacting with each other through hard-core interaction. We take the *t*-matrix at low energy as the (finite) effective coupling between upper & lower fields. And we find renormalized propagators of the upper & lower fields. Their corresponding renormalized eigenkets are orthogonal to each other. Then we include in our calculations the interactions between photons and electrons through diagrammatic techniques in terms of renormalized propagators.

Due to transportation with repeated scatterings in the source array which is a linear lattice of 2LA, the emitted photons are Bloch waves^[@CR58]^ with a nonlinear dispersion relation which has a gap around the spacing between 2LA energy levels. This significantly modifies the group velocity and the DOS of the photonic field. In addition, standing waves can occur for photonic Bloch wave as it propagates from the source to the measured array. It follows that the conduction behaviors of the measured array can be very diversified according to the input frequency of the source and the separation between arrays. As a result, the resistivity of the measured array can be zero or negative, and can also show oscillations when we change the incoming frequency of the source array and the separation between arrays.

The theoretical scheme that we investigated in this work can be experimentally realized in many two-level-system arrays such as superconducting-qubit array^[@CR74]--[@CR77]^, trapped atom array^[@CR59]--[@CR63]^, and gate-control dot array^[@CR78]^. For example, the source array can be achieved experimentally in the semiconductor quantum-dot array^[@CR78]^. By connecting to the source and drain reservoirs, the electron in the source-reservoir with energy around (renormalized) excited energy of the array can transport through the quantum-dot array to form a source array. The energy of the electron tunneling out can be further tuned by changing the applied bias voltage^[@CR79]^ between source and drain reservoirs. The scheme has also the potential for measuring the photoresisitance version of the quantum interference, such as super-radiance^[@CR80]^, the quantum phase transition^[@CR81]^, and the optical non-linearity^[@CR82]--[@CR84]^. Furthermore, the scheme can be applied for reading out the quantum memory^[@CR85]^.

Methods {#Sec10}
=======

We define the Hamiltonian of a quantized photonic field in Eq. ([2](#Equ2){ref-type=""}). Then a Hamiltonian of arrayed 2LA with hopping term is introduced in Eq. ([4](#Equ4){ref-type=""}). And Eq. ([5](#Equ5){ref-type=""}) represents a hard-core interaction between the excited electron and the electron in the ground state to assure that only one electron can be present in an atom. The Hamiltonian $\documentclass[12pt]{minimal}
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                \begin{document}$${H}_{eff}^{(4)}({c}^{\dagger },c)$$\end{document}$ (Eq. ([11](#Equ11){ref-type=""})) with an effective coupling which includes all the repeated scatterings between the excited electron and the ground state electron with the hard-core interaction in the subsection of *t*-matrix. Thereafter, we calculate the (renormalized) propagators of electrons with the modifications by the self-masses from the effective interaction $\documentclass[12pt]{minimal}
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                \begin{document}$${H}_{eff}^{(4)}({c}^{\dagger },c)$$\end{document}$. Then, by the Dyson's equation (Eq. ([17](#Equ17){ref-type=""})), we obtain the propagator of the *dressed* photon $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{G}(k,\omega ;k^{\prime} ,\omega ^{\prime} )$$\end{document}$ which includes the interactions between the photons and electrons. The function $\documentclass[12pt]{minimal}
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                \begin{document}$$\tilde{\Lambda }(\omega ^{\prime} ,y)$$\end{document}$ is then introduced, and its Fourier transform in time *t*′ describes the amplitude of one photon in the source array propagating to the measured array with separation *y* in time interval *t*′. Finally, we calculate the DC conductivity by the Kubo formula in Eq. ([25](#Equ25){ref-type=""}).

As for the simulation process, we consider two different situations, one with fixed separation between arrays and varying frequency of the source, and the other is done with fixed frequency of the source and varying separation between arrays. Then we calculate the total resistivity numerically under the two above situations with specific parameters. The results are presented in the Discussion subsection.
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